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Abstract 
The subject matter of the article is a non-stationary axially symmetric goal for a round flat bimorph plate affecting end faces of 
electric potential which in itself is an arbitrary time function. The designed model allows to take into account the peculiarity of the 
electric-field pattern based on same inner electrode, which appears to be a metal support plate. The authors apply the method of 
finite integral transformation (based on Timoshenko’s theory) to develop a new closed solution for the electro-elastic system of 
graded-varying stiffness and thickness under consideration. The achieved ratio design allows to further analyze frequency and 
stress-strain behaviour of resonant flexural piezo-ceramic converters. 
 
© 2014 The Authors. Published by Elsevier Ltd.  
Selection and peer-review under responsibility of the organizing and review committee of 23RSP. 
Keywords: the Goal of Inverse Piezo Effect; the Flat Bimorph Plate; the Axially Symmetric Dynamic Load. 
1. Introduction 
In various acoustic resonant devices thin bi-morph plates are used as energy converters. These systems have high 
electromechanical parameters and usually consist of round metallic substrate with piezo-ceramic plates of a smaller 
diameter attached on both sides. Bending vibrations are carried out by summing piezo-elements with electric potential 
to the end surfaces with electrodes. Calculation of the bodies of rotation is performed by fitting a set of ring and solid 
plates of constant thickness. In this study of the stress-strain state of each element, the technical theory of thin plates 
[1, 2] is used, which can be applied only at the low-frequency external influence. However, in modern ultrasonic 
resonant converters operating frequency is up to 100 kHz. 
In this paper we study a thin bi-morph piezo-ceramic plate on the basis of the Timoshenko hyperbolic system, 
which greatly enhances the study of high-dynamic wave processes [3]. In addition, based on equation of electrostatics, 
in contrast to [4], tailored distribution of the electric field in the piezoelectric ceramic plates separated by an internal 
electrode of a metal substrate is taken into account. 
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2. Problem considerations 
Let a bi-morph circular plate consist of a metal substrate, which in the cylindrical coordinate system  zr ,,T  
occupies region : : ^ ,0 br dd  ,20 ST dd `22 11  dd hzh  and two piezo-ceramic elements ^ ,0 ar dd  `ba   
glued on it with thickness 2h  (Fig. 1). Axisymmetric bending oscillations are excited by summing the electrodes, 
which are located on the piezo-plates' end surfaces, with electric voltage   tV  which is an arbitrary function of time
t . Conditions of fixing the cylindrical surfaced plate may be arbitrary. We assume that it is fixed rigidly. 
 
Fig. 1. Bi-morph plate 
 
The equations of translational and rotational motion for thin plates relative to the transverse force Qr and bending 
moments Mr, MT are the following [5] 
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where * * *( , )W r t * *( , )r t\  deflection and rotation angle of the cross section in the *( , )r z  plane, respectively, while 
U(r) and * *( )h r  are density and thickness of the bi-morph plate, respectively. 
Based on the equation of electrostatics [6], normal component of tension in the piezo-ceramic plates of the a 
composite structure is defined by equation [7] 
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Expressions for the bending moments and shear forces are determined, taking into account (2), by the following 
equalities [8] 
      tV   
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The system of differential equations of axisymmetric motion (1), subject to (3), the initial and boundary conditions 
of the boundary value problem in dimensionless form are 
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shift, steering angle and speed known at initial time; G(…) – Dirac singular function. 
     In equation (6) the dot denotes differentiation with respect to time. The system of differential equations (4) includes 
step-variable coefficients    rara 51 y , so    trtrW ,,, \  are continuous piecewise smooth functions. Points on a circle 
with radius p  are special, in which there is an abrupt change in the form of shock, the gradient of the bending 
moments and shear forces (normal and tangential stresses). This feature is taken into account by means of functions
   tAtA 31 , . Besides, the expression  tN  is a dimensionless linear bending moment at the points of radius p , which is 
created by the radial vibrations of piezo-ceramic plates. 
Initial boundary value problem (4)-(6) is solved by finite integral transformations instrumentation [9]. As a result, 
we obtain relations for the settlement  ,W r t   ,  ,r t\    in the form of spectral expansions in eigenfunctions of the 
system found    1 3, ,i iK r K rO Oy , which are linear combinations of ordinary and modified Bessel functions [8] 
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Where  ,iG tO , 2iK   is transforming operator and the squared norm of the kernel changes, iO  positive parameters 
forming a countable set. 
Circular frequencies of axisymmetric vibrations of a bi-morph plate iZ  are connected with iO by the following 
way 
 1
11 .ii
C
b
OZ
U
   (8) 
As a numerical example, we consider bi-morph plate having the following physical properties of the steel substrate 
and axially polarized piezo-ceramic plates of lead zirconate titanate-36: 78001  U  kg/m3, 76002  U kg/m3, 
86.0)(   krk ,      ^ ` 155112111 ,, ɋɋɋ ^ ` 101005.8,26.6,35.22 u  n/m2,      ^ ` ^ ` 10255212211 105.2,8.5,33.10,, u ɋɋɋ  n/m2, 
2.1531  e  c/m
2, 933 1093.5 u H  f/m. We consider the piezo-ceramic material with low dielectric constant for which 
the variation of the electric field has a significant effect on the frequency spectrum and the stress-deformation state of 
the bi-morph plate. 
The table below shows the eigenvalues of the first five 51y i  resonant frequencies obtained from the exact non-
linear (“lower” numbers) and an approximate constant (“upper” numbers) of the electric field change law along the 
radial coordinate, for piezo-ceramic plates of various thicknesses.  
It should be noted that the use of accurate non-linear law for the electric field leads to the “tightening” of the system 
and increases the numerical values iO  by 3-4% for the entire frequency spectrum of piezo-ceramic plates designs with 
different thickness having a lower dielectric constant. 
Investigation of the stress-strain state of a circular plate ( 8.0 p 21 103 u h , 32 109 u h ) is carried out for the 
case of an electric load in the form of the potential difference: tVtV Tsin)( 0 , where T , V0 stands for frequency and 
amplitude value. 
  Table 1. Dependence of Eigenvalues on the nature of the electric field. 
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p = 0.8 
Eigenvalues – iO  
i = 1 i = 2 i = 3 i = 4 i = 5 
h1 = 1, h2 = 0.3 
0.109 
0.113 
0.383 
0.395 
0.797 
0.819 
1.393 
1.436 
2.182 
2.249 
h1 = 1, h2 = 1 
0.168 
0.174 
0.496 
0.509 
1.037 
1.068 
1.872 
1.935 
2.838 
2.913 
 
Figures 2, 3 below show the graphs of the vertical movements of the plate's centre W(0,t) in time t, taking into 
account its structural irregularities and the nature of the electric field changes. 
Oscillograms “W(0, t– t)” taking into account (solid line) and without (dashed curve) deformation features in the 
points of the circle p at constant (Ez=const) reduces the amplitude of displacements at p=0.8 by 20%. In addition, 
when p=0.7 this effect is reduced, and when p=0.5 an opposite pattern is observed associated with the increase of 
displacement.  
Fig. 3 shows graphs “W(0,t– t)” with the different character of the electric field in the piezo-ceramic plates (solid 
line – (Ez=const) dotted – (Dz=const) and accounting to features in points p. More accurate non-linear change of the 
electric field in the present example leads to an increase of 13% in movement amplitude. 
Obviously, this feature is not evident when   33
2
31
2
11 HeC !! , i.e. with the use of a piezo-ceramic material with high 
dielectric constant. 
 
 
 
Fig. 2. Change W(0,t) with time taking into account (solid line) and without (dashed curve) deformation features  
in points of the circle p (Ez=const). 
 
Fig. 3. Change W(0,t) over time at constant (Ez=const – solid line) and non-linear (Dz=const – dashed curve) nature  
of the electric field change along the radial coordinate. 
 
     0/,0 VtW     
  t    
0 50 100 150 200
0.1
0.05
0
0.05
0.1
n 0 t( )
0 t( )
 
     0/,0 VtW     
  t      
0 50 100 150 200
0.06
0.04
0.02
0
0.02
0.04
0.06
Wbe 0 t( )
Wbn 0 t( )
t
 
74   D.A. Shlyakhin and O.V. Kazakova /  Procedia Engineering  91 ( 2014 )  69 – 74 
3. Conclusion 
On the basis of our research the following conclusions can be formulated: 
x A new representation of the original differential equations of motion allows to consider features of gradient 
change of bending moment and shear force in the area of the irregular structure of the plate. Accounting for 
this effect leads to a significant correction of deformations and stresses in the bi-morph plate. 
x The problem is solved by the finite integral transformations method, which, unlike the Laplace transformation 
used in dynamic problems for finite bodies in time, does not require complicated handling procedures. 
x Consideration of the exact nature of the non-linear variation of the electric field along the radial coordinate 
has a significant influence on the stress-strain state and the frequency spectrum of natural vibrations of 
electro-elastic system using piezo-ceramic materials with low dielectric conductivity. 
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